In the present paper, we study the relationship between deformation quantizations and Frobenius-projective structures defined on an algebraic curve in positive characteristic. A Frobenius-projective structure is an analogue of a complex projective structure on a Riemann surface, which was introduced by Y. Hoshi. Such an additional structure has some equivalent objects, e.g., a dormant PGL 2 -oper and a projective connection having a full set of solutions.
Introduction
A (deformation) quantization of a symplectic manifold is a noncommutative deformation of the structure sheaf which is, in a certain sense, compatible with the symplectic structure. We know that every symplectic manifold admits quantizations (cf. [7] ; [8] ; [9] ), but in general the quantization is neither unique nor canonically constructed. Therefore, construction of quantizations will be one of the important subjects in this theory. In [2] , D. Ben-Zvi and I. Biswas provided a canonical construction of a quantization on (the total space of) the cotangent bundle minus the zero section on a given Riemann surface C equipped with a projective structure. Here, recall that a projective structure on C is an atlas of coordinate charts defining C whose transition functions may be expressed as Mobiüs transformations. Projective structures have a very major role to play in understanding the framework of uniformization theorem of Riemann surfaces and have mutually equivalent objects, including PGL 2 -opers and projective connections, etc.. Every Riemann surface C admits a projective structure, and the space of all projective structures on C forms an affine space for the space H 0 (C, Ω ⊗2 C ) of quadratic differentials on C. The idea behind the construction of D. Ben-Zvi and I. Biswas is that the canonical construction of a quantization on the complex projective line P 1 C , which is invariant under the action of PGL 2 (C) (= the group of Mobiüs transformations on P 1 C ), may extend naturally to any Riemann surface once we choose a projective structure.
On algebraic curves in positive characteristic, there are analogous objects of projective structures, called Frobenius-projective structures. The notion of a Frobenius-projective structure was introduced by Y. Hoshi (cf. [10] , § 2, Definition 2.1) as a certain collection of locally defined etale maps on a prescribed curve to the projective line. Just as in the complex case, any smooth curve in positive characteristic admits such a structure. Also, Frobenius-projective structures are equivalent to, e.g., dormant PGL 2 -opers and projective connections having a full set of solutions. That is to say, given a connected smooth curve X in characteristic p > 2 and a theta characteristic L := (L, ψ L : L ⊗2 ∼
→ Ω X ) (cf. § 1.4), we obtain the following diagram consisting of bijective correspondences in parallel with the classical result on Riemann surfaces:
Zzz...
where PS F X := the set of Frobenius-projective structures on X (cf. (44)); Op Zzz... PGL 2 ,X := the set of isomorphism classes of dormant PGL 2 -opers on X (cf. (45)); PC 2,full X,L := the set of projective connections for L having a full set of solutions (cf. (61)). (We also discuss, in the present paper, certain intermidiate objects equivalent to them, called dormant (SL 2 , L)-opers.)
The purpose of the present paper is to prove an analogous assertion of D. Ben-Zvi and I. Biswas, i.e., a canonical construction of a quantization by means of the curve X together with a choice among such additional structures. In [3] , [13] , and [16] , it has been shown that the theory of quantizations can be made to work in the algebraic setting. Also, we can find, in [4] (and [5] ), the study of a special class of quantizations on symplectic algebraic varieties in positive characteristic, called Frobenius-constant quantizations. They are quantizations with large center in some suitable sense, and has a cohomological classification given in the point of view of formal geometry.
Let A(Ω X ) × denote the complement of the zero section in (the total space of) the cotangent bundle of X; it admits a symplectic structureω can defined as one half of the Liouville symplectic form. Thus, it makes sense to speak of a (Frobenius-constant) quantization on the symplectic variety (A(Ω X ) × ,ω can ). Denote (cf. (25)) by
the set of Frobenius-constant quantizations on (A(Ω X ) × ,ω can ). Then, the main result of the present paper (cf. Theorem 4.1) provides a canonical injective assignment from a Frobeniusprojective structure (or equivalently, a dormant indigenous bundle, or a projective connection having a full set of solutions) to a Frobenius-constant quantization on (A(Ω X ),ω can ), as displayed below:
In particular, we can think of PS F X as a subset of Q FC (A(Ω X ) × ,ω can ) via this assignment, and hence, give a lower bound of the number of Frobenius-constant quantizations on (A(Ω X ) × ,ω can ) by applying the result in [14] .
The present paper is organized as follows. The first section contains the necessary definitions and conventions used in our discussion, including a symplectic structure, a differential operator, and a theta characteristic. In the second section, we recall the notion of a Frobenius-constant quantization and discuss some related topics. For instance, it is observed that Frobeniusconstant quantizations are functorial with respect to pull-back viaétale morphisms (cf. § 2.2) and have a descent property via finite Galois coverings (cf. § 2.3). In the third section, we discuss various bijective correspondences between Frobenius-projective structures on a curve and some equivalent objects, i.e., dormant PGL 2 -opers, dormant (SL 2 , L)-opers, and projective connections with a full set of solutions. Some results mentioned in that section have been essentially obtained in other literatures, e.g., [10] (which gives PS F X ∼ → Op Zzz... PGL 2 ,X ) and [1] together with [12] (which gives Op Zzz...
(SLn,L),X ∼ → PC n,full X,L ). Also, in [15] , we can find generalizations of these correspondences to a family of pointed stable curves. But, unfortunately, many of them seem not to be standard and are unavoidable when we complete the proof of the main theorem, so we decided to review them here and the contents became nearly self-contained. The fourth section is devoted to state and prove the main theorem. As carried out in [2] , we first construct, by means of a Frobenius projective structure, a Frobenius-constant quantization on the complement of the zero section in the total space of L. This quantization turns out to be invariant under the natural involution, and hence, descends to a Frobenius-constant quantization on (A(Ω X ) × ,ω can ). Moreover, the injectivity of this assignment is proved by examining the behavior of the noncommutative multiplication in each quantization. In the final section, we discuss (cf. Theorem 5.3) a higher-dimensional variant of our main theorem, which may be thought of as a positive characteristic analogue of a result in [6] .
Preliminaries
In this section, we prepare the notation and conventions used in the present paper. Throughout the present paper, let us fix an odd prime p and an algebraically closed field k of characteristic p. Unless otherwise stated, all schemes and morphisms of schemes are implicitly assumed to be over k, and products of schemes are taken over k. We use the word variety (resp., curve) to mean a finite type integral scheme over k (resp., a finite type integral scheme over k of dimension 1). For each positive integer n, we shall write A n (resp., P n ) for the affine space (resp., the projective space) over k of dimension n. Also, write A n× := A n \ {0}.
Vector bundles.
Let S be a smooth variety of dimension n ≥ 0. Given a vector bundle F on S (i.e., a locally free coherent sheaf on S), we denote by F ∨ its dual sheaf, i.e., F ∨ := Hom O X (F , O X ). Let A(F ) and P(F ) denote the relative affine and projective spaces respectively associated with F , i.e.,
for the complement of the zero section S → A(F ) in A(F ), which admits a natural projection
We shall write Ω S for the sheaf of 1-forms (in other words, the cotangent bundle) on S relative to k and T S for its dual. By the smoothness assumption on S, both Ω S and T S turn out to be vector bundles of rank n. We write d : O S → Ω S for the universal derivation. Moreover, denote by ω S the canonical line bundle of S (relative to k), which is canonically isomorphic to the determinant line bundle det(Ω S ) := n Ω S of Ω S .
Symplectic structures.
Recall that a symplectic structure on S is a nondegenerate closed 2-form ω ∈ Γ(S, 2 Ω S ). Here, we say that ω is nondegenerate if the morphism Ω S → T S (= Ω ∨ S ) induced naturally by ω is an isomorphism. A symplectic variety (over k) is a pair (S, ω) consisting of a smooth variety S and a symplectic structure ω on it. An isomorphism (S, ω) ∼ → (S ′ , ω ′ ) between symplectic varieties is an isomorphism S ∼ → S ′ preserving the respective symplectic structures. As is well-known, the variety A(Ω S ) (i.e., the total space of the cotangent bundle of S) has a canonical symplectic structure
often called the Liouville symplectic form. If there is no fear of causing confusion, we write ω can instead of ω can S for simplicity. If q 1 , · · · , q n are local coordinates in S and q ∨ 1 , · · · , q ∨ n denote the dual coordinates in A(Ω S ), then ω can may be expressed locally as ω can = n i=1 dq ∨ i ∧ dq i . By abuse of notation, we also use the notation ω can to denote the restriction of ω can to the open subscheme A(Ω S ) × (⊆ A(Ω S )). Also, for each c ∈ k × , c · ω can forms a symplectic structure. In particular, by lettingω can := 1 2 · ω can , we have symplectic varieties (A(Ω S ),ω can ), (A(Ω S ) × ,ω can ). (8)
Differential operators.
We shall recall the notion of a differential operator. Let L i (i = 1, 2) be line bundles on S. By a differential operator from L 1 to L 2 , we mean a k-linear morphism D : L 1 → L 2 locally expressed, after fixing identifications L 1 ∼ = L 2 ∼ = O S and a local coordinate system x := (x 1 , · · · , x n ) in S, as
by means of some local sections a α ∈ O S with a α = 0 for almost all α, where for each
1 ···∂x αn n (|α| := α 1 + · · · + α n ). If a α = 0 for any α with |α| ≥ p, then j max := max {|α| | a α = 0} (< p) is well-defined (i.e., depend only on D, not on the choice of the local expression (9)). In this situation, we say that D is of order j max .
Given a nonnegative integer j with j < p, we denote by
the Zariski sheaf on S consisting of locally defined differential operators from L 1 to L 2 of order ≤ j; it is a subsheaf of the sheaf Hom k (L 1 , L 2 ) of locally defined k-linear morphisms L 1 → L 2 .
In the case where L 1 = L 2 = O X , we write
Note that Diff ≤j L 1 ,L 2 admits two different structures of O S -module -one as given by left multiplication (where we denote this O S -module by l Diff ≤j L 1 ,L 2 ), and the other given by right multiplication (where we denote this O S -module by r Diff ≤j L 1 ,L 2 ) -. Given an O X -module F , we equip the tensor product F ⊗ l D ≤j X (resp., r D ≤j X ⊗ F ) with an O X -module structure arising from r D ≤j X (resp., l D ≤j X ). Then, the composition with the k-linear morphism
where S j (T S ) denotes the j-th component of the symmetric power of T S . Denote by Σ the composite
For each local section D ∈ Diff ≤j L 1 ,L 2 , we refer to Σ(D) as the principal symbol of D.
Next, let us write
for the Frobenius twist of S over k (i.e., the base-change of S via the absolute Frobenius morphism of k) and
for the relative Frobenius morphism of S over k. To simplify the notation, we regard each O S (1)module (resp., O S -module) as a sheaf on S (resp., on S (1) ) via the underlying homeomorphism of F S/k . Notice that each differential operator D : L 1 → L 2 of order j may be considered as an O S (1) -linear morphism F S/k * (L 1 ) → F S/k * (L 2 ) via the underlying homeomorphism of F S/k . It follows that the kernel Ker(D) forms an O S (1) -submodule of F S/k * (L 1 ).
We shall say that D has a full set of solutions if Ker(D) is a vector bundle on S (1) of rank j.
Theta characteristics.
By a theta characteristic on S, we mean a pair L := (L, ψ L ) (17) consisting of a line bundle L on S and an isomorphism ψ L : L ⊗(n+1) ∼ → ω S between line bundles. As is well-known, any smooth curve always admits a theta characteristic.
We shall observe that there exists a canonical theta characteristic on the projective space P n = Proj(k[x 0 , x 1 , · · · , x n ]). Let
be the O P n -linear injection given by w → n i=0 wx i · e i for each local section w ∈ O P n (−1), where (e 0 , · · · , e n ) is a canonical basis of O
which is verified to be O P n -linear, induces an isomorphism of O P n -modules
Moreover, we have a composite isomorphism
where the first isomorphism is given by 1 → e 0 ∧ · · · ∧ e n and the second isomorphism arises from the short exact sequence
Denote by ψ 0 the composite isomorphism
where the first isomorphism follows from (21) and the third isomorphism follows from (20). Thus, we have obtained a theta characteristic
Frobenius-constant quantizations
In this section, we recall the notion of a Frobenius-constant (= FC) quantization on a given symplectic variety and discuss some related topics.
Quentizations.
Let (S, ω S ) be a symplectic variety. The nondegenerate pairing 
for the set of FC quantizations on (S, ω S ).
Pull-back of FC quantizations.
If we are given an FC quantization on a prescribed symplectic variety, then it induces an FC quantization on each open subvariety via restriction. More generally, we can construct the pull-back of an FC quantization via anétale morphism, as follows.
Let (T, ω T ) be another symplectic variety and f : T → S anétale morphism with f * (ω S ) = ω T . Theétaleness of f implies that the commutative square diagram
Equivariant FC quantizations.
Let (S, ω S ) be as above and G a finite group acting freely on (S, ω S ), i.e., S is equipped with a free G-action preserving ω S .
A Frobenius G-constant quantization (or, a G-FC quantization) on (S, ω S ) (cf. [4] , Definition 5.5) is an FC quantization O ℏ S on (S, ω S ) compatible, in the natural sense, with the G-action on S. Denote by
the set of G-FC quantizations on (S, ω S ). We obtain the natural forgetting map
Furthermore, let (T, ω T ) be the quotient of (S, ω S ) by the G-action. The quotient morphism f : S → T is a Galoisétale covering with Galois group G and f * (ω T ) = ω S . Hence, pulling-back via π induces a map of sets
T is an FC quantization on (T, ω T ), then the pull-back f * (O ℏ T ) has naturally a structure of G-FC quantization since the G-actions on S and S (1) 
S ) specifies an FC quantization on (T, ω T ). One verifies immediately that the assignments
making the following diagram commute:
2.4. Formal Weyl algebras.
In this subsection, we recall a canonical (Frobenius-constant) quantization on the affine space A 2n := Spec(k[x 1 , · · · , x n , y 1 , · · · , y n ]) (n > 0) equipped with the symplectic structure
] equipped with the multiplication " * " given by
R is generated by the elements x 1 , · · · , x n , y 1 , · · · , y n subject to relations
R may be thought of as an R[x p 1 , · · · x p n , y p 1 , · · · , y p n ][[ℏ]]-algebra. Here, write Sp 2n for the symplectic group over k of rank n, i.e.,
which specifies an FC quantization on (A 2n , ω Weyl ), as well as on (A 2n× , ω Weyl ) via restriction. The variety A 2n× admits a free action of µ 2 := {±1} such that the automorphism corresponding to −1 ∈ µ 2 is given by (x, y) → (−x, −y). This action preserves ω Weyl , and we obtain the quotient symplectic variety
. (In our discussion, we will use this quantization only in the case n = 1.)
Frobenius-projective structures and related objects
In this section, we review a positive characteristic analogue of a complex projective structure, called a Frobenius-projective structure. Also, we discuss various bijective correspondences between Frobenius-projective structures on a curve and some equivalent objects, i.e., dormant PGL 2 -opers, dormant (SL 2 , L)-opers, and projective connections with a full set of solutions.
Frobenius-projective structures.
Let n be a positive integer and denote by PGL n+1 the projective linear group over k of rank n + 1, which is naturally identified with the automorphism group of P n . Given each algebraic group G over k and a smooth variety S, we denote by G S the sheaf of groups on S represented by G. Write
Also, we shall write
for the sheaf of sets on S that assigns, to each open subscheme U of S, the set ofétale morphisms φ : U → P n from U to P n . Each local section φ of Pé t may be regarded, by taking its graph, as a local section Γ φ : U → U × P n of the trivial P n -bundle U × P n pr 1 − − → U. The sheaf Pé t has a (PGL n ) F S -action described as follows. Let U be an open subscheme, φ : U → P n an element of Pé t (U), and A an element of (PGL n ) F S (U) (⊆ PGL n (U)). Then, one verifies immediately that the composite
Definition 3.1 (cf. [10] , § 2, Definition 2.1 for the case n = 1). We shall say that a subsheaf S ♥ of Pé t is a Frobenius-projective structure (of level 1) on S if S ♥ is closed under the (PGL n ) F S -action on Pé t , and moreover, forms a (PGL n ) F S -torsor on S with respect to the resulting (PGL n ) F S -action on S ♥ .
We shall write
for the set of Frobenius-projective structures on S.
Dormant indigenous bundles.
In what follows, let us fix a smooth curve X. Recall from, e.g., [14] , § 2, Definition 2.1 (i), that an indigenous bundle (or, a PGL 2 -oper) on X is a triple E ♠ := (E, ∇ E , σ E ) consisting of a flat P 1 -bundle (E, ∇ E ) on X (i.e., a pair of a P 1 -bundle E on X and a connection ∇ E on E) and a global section σ E : X → E such that the Kodaira-Spencer map T X/k → σ * E (T E/X ) associated to σ E is nowhere vanishing. (We omit to describe in detail the definition of an indigenous bundle because it will not be necessary for our discussion.) We shall say that an indigenous bundle
for the set of isomorphism classes of indigenous bundles (resp., dormant indigenous bundles) on X. Then, there exists a canonical bijection of sets
( [10] , § 3, Proposition 3.11 in the case where X is proper). In fact, let S ♥ be a Frobeniusprojective structure on X. The PGL 2 -torsor over X (1) corresponding to S ♥ via the underlying homeomorphism of F X/k specifies a P 1 -bundle over X (1) . The pull-back E S of this P 1 -bundle over X admits naturally a connection ∇ can E S with vanishing p-curvature (cf. [11] , § 5, Theorem 5.1). Moreover, the local sections U → U × P 1 (for various open subschemes U of X) classified by sections in S ♥ may be glued together to obtain a well-defined global section σ E S : X → E S . It follows from the definition of a Frobenius-projective structure that the resulting triple
specifies a dormant indigenous bundle on X. The resulting assignment S ♥ → E ♠ S gives the bijection (46).
Remark 3.2.
If X is proper, then we know an explicit formula for computing the number of dormant indigenous bundles on X, as proved in [14] , Theorem A. In particular, there exists at least one dormant indigenous bundle on any (not necessarily proper) smooth curve as it has a smooth compactification.
Dormant indigenous vector bundles.
In this subsection, we describe indigenous bundles and their higher-rank generalizations in terms of vector bundles. Let n be a positive integer with n < p. Here, recall that, for each vector bundle F on X of rank n, a connection on F means a k-linear morphism ∇ F : F → Ω X ⊗ F satisfying that ∇ F (a · v) = da ⊗ v + a · ∇ F (v) for any local sections a ∈ O X and v ∈ F . Given such a connection ∇ F , we have a connection ∇ det(F ) on the determinant bundle det(F ) induced by ∇ F , i.e., given by ∇ det(F ) (a 1 ∧ · · · ∧ a n ) = n i=1 a 1 ∧ · · · ∧ ∇ F (a i ) ∧ · · · ∧ a n , where n := rk(F ).
Recall (cf. [1] , § 2.1) that a GL n -oper on X is a collection of data
consisting of a rank n vector bundle F on X, a connection ∇ F on F , and an n-step decreasing filtration F • := {F j } n j=0 on F satisfying the following conditions • Each F j is a subbundle of F such that F 0 = F , F n = F , and gr j
is an isomorphism. In particular, a GL 2 -oper on X is determined by a triple (F , ∇ F , N F ) consisting of a pair (F , ∇ F ) as above (with n = 2) and a line subbundle N F of F such that the O X -linear composite
(called the Kodaira-Spencer map associated with N F ) is an isomorphism.
Next, let us fix a theta characteristic L := (L, ψ L ) (cf. § 1.4) of X.
Definition 3.3 (cf. [14] , § 2, Definition 2.3 (ii), in the case n = 2). An (SL n , L)-oper on X is a collection of data
where (F , ∇ F , F • ) is a GL n -oper on X and η F denotes an isomorphism L ⊗(n−1) ∼ → F n−1 such that the connection ∇ det(F ) on det(F ) coincides with d : O X → Ω X via the composite isomorphism
where the third isomorphism arises from η F , the fourth isomorphism arises from ψ F , and each κ j (j = 0, · · · , n − 1) in the first isomorphism denotes the composite isomorphism
each of whose constituent arises from KS (−) F • . In a natural manner, we can define the notion of an isomorphism between (SL n , L)-opers. Also, we shall say that an (SL n , L)-oper is dormant if it has vanishing p-curvature.
We denote by
Op (SLn,L),X resp., Op 
the set of isomorphism classes of (SL n , L)-opers (resp., dormant (SL n , L)-opers) on X. According to [14] , § 2, Proposition 2.4, there exists a canonical bijection
which restricts to a bijection 
Let E ♠ := (E, ∇ E , σ E ) be an indigenous bundle on X and F ♦ := (F , ∇ F , N F , η F ) denote the (SL 2 , L)-oper corresponding to E ♠ . Then, (E, ∇ E ) may be obtained from (F , ∇ F ) via projectivization, and η F :
over X such that the following square diagram
is commutative and cartesian.
Example 3.4. Let F ♦ := (F , ∇ F , N F , η F ) be an (SL 2 , L)-oper on X. The (n−1)-th symmetric power F SL n := S n−1 (F ) of F is a rank n vector bundle. For each j = 0, 1, · · · , n, the image F j SLn of the natural morphism N ⊗j F ⊗ S n−1−j (F ) → S n−1 (F ) is a rank (n − j) subbundle of F SL n . The collection F • SLn := {F j SLn } n j=0 forms an n-step decreasing filtration on F SL n . Let η F ,SLn : L ⊗(n−1) ∼ → F n−1 SLn be the composite isomorphism of η
SLn . Also, let ∇ F ,SLn be the connection on F SLn induced naturally by ∇ F . Then, one verifies immediately that the collection of data
forms an (SL n , L)-oper on X. If, moreover, F ♦ is dormant, then the resulting (SL n , L)-oper F ♦ SLn is dormant. Thus, the assignment F ♦ → F ♦ SLn defines a map of sets Op (SL 2 ,L),X → Op (SLn,L),X (59) which restricts to a map Op 
Projective connections.
In this subsection, we discuss higher-order projective connections. Let L be as above and let D : L ⊗(−n+1) → L ⊗(n+1) be an n-th order differential operator (i.e., an element of Diff ≤n L ⊗(−n+1) ,L ⊗(n+1) ) satisfying the equality Σ(D) = 1 (cf. § 1.3) under the identification
induced by ψ L . Denote by t D the transpose of D, which is a differential operator Ω X ⊗ (L ⊗(n+1) ) ∨ → Ω X ⊗ (L ⊗(−n+1) ) ∨ ). If D is locally expressed as D = n i=0 a i · ∂ i (for a local generator ∂ of T X ), then t D = n i=0 (−∂) i · a i . Since ψ L allows us to consider Ω X ⊗ (L ⊗(n+1) ) ∨ and Ω X ⊗ (L ⊗(−n+1) ) ∨ ) as L ⊗(−n+1) and L ⊗(n+1) respectively, D may be thought of as a differential operator in Diff ≤n L ⊗(−n+1) ,L ⊗(n+1) . In particular, it makes sense to speak of the operator D ′ := 1 2 · (D − (−1) n · t D). Moreover, by the equality Σ(D) = 1, the operator D ′ turns out to be of order n − 1. We refer to the principal symbol Σ sub (D) := Σ(D ′ ) of D ′ as the subprincipal symbol of D.
Definition 3.5.
An n-th order projective connection for L is an n-th order differential operator D ♣ : L ⊗(−n+1) → L ⊗(n+1) with Σ(D ♣ ) = 1 and Σ sub (D ♣ ) = 0. For simplicity, we refer to each second order projective connection as a projective connection.
We shall write PC n X,L resp., PC n,full X,L
for the set of n-th order projective connections for L (resp., the set of n-th order projective connections for L having a full set of solutions). Proof. First, we shall construct the bijection (62). Let F ♦ := (F , ∇ F , F • , η F ) be an (SL n , L)oper on X. The connection ∇ F induces, inductively on i ≤ n, an O X -linear morphism ∇ D,i F : D ≤i X ⊗ F → F determined by the condition that ∇ D,0
for any local generator ∂ ∈ T X and any local section v ∈ F . By the definition of a GL n -oper, we see (by induction on i) that the morphism ∇ D,i F for i ≤ n − 1 restricts to an isomorphism D ≤i
determines a split surjection of the following short exact sequence:
Let us consider the composite L ⊗(−n−1) → D ≤n X ⊗ L ⊗(n−1) of the corresponding split injection T ⊗n X ⊗ L ⊗(n−1) = (D ≤n X /D ≤(n−1) X ) ⊗ L ⊗(n−1) ֒→ D ≤n X ⊗ L ⊗(n−1) and the isomorphism L ⊗(−n−1) ∼ → T ⊗n X ⊗ L ⊗(n−1) induced naturally by ψ L ; it corresponds to an O X -linear morphism L ⊗(−n+1) → L ⊗(n+1) ⊗ D ≤n X , or equivalently, an n-th differential operator D ♣ F : L ⊗(−n+1) → L ⊗(n+1) (cf. (12)). One verifies immediately that Σ(D ♣ F ) = 1, and moreover, (by taking account of the fact that (det(F ), ∇ det(F ) ) ∼ = (O, d)) that Σ sub (D ♣ F ) = 0. Thus, D ♣ F specifies a projective connection for L. Thus, the assignment F ♦ → D ♣ F defines a map of sets Op (SLn,L),X → PC n X,L .
Conversely, let D ♣ be a projective connection belonging to PC n X,L . For each i = 0, · · · , n, we shall write F i D := D ≤(n−i−1) X ⊗ L ⊗(n−1) and F • D := {F i D } n i=0 . The operator D ♣ may be thought of as an O X -linear morphism L ⊗(−n+1) → L ⊗(n+1) ⊗ D ≤n X (via (12)), or equivalently,
. It specifies a split injection of (64), where we shall write ∇ ′ for the corresponding split surjection D ≤n
⊗ v) (i = 0, · · · , n − 1) for any local generator ∂ ∈ T X and any local section v ∈ L ⊗(n−1) . If η D denotes the natural isomorphism L ⊗(n−1) ∼ → F n−1 D , then (because of the assumption that Σ(D) = 1 and Σ sub (D) = 0) the collec-
forms an (SL n , L)-oper on X. One verifies that the assignment D ♣ → F ♦ D turns out to be the inverse of the map Op (SLn,L),X → PC n X,L obtained above, which completes the former assertion.
Next, we shall consider the latter assertion. Let us take a projective connection D ♣ belonging to PC n X,L , and denote by F ♦ := (F , ∇ F , F • , η F ) the corresponding (SL n , L)-oper constructed by the above steps. If D ♣ may be expressed (after choosing a local identification L ∼ = O X ) locally as D ♣ = ∂ n + q 1 ∂ n−1 + · · · + q n−1 ∂ + q n (for a local generator ∂ ∈ T X and local sections q 1 , · · · , q n ∈ O X ), then the dual connection ∇ ∨ F of ∇ F may be expressed locally (with respect to a suitable local basis) as
Then, y → t (∂ n−1 (y), · · · , ∂(y), y) gives a bijective correspondence between the solutions of the differential equation D ♣ (y) = 0 and the horizontal (with respect to ∇ ∨ F ) local sections of F ∨ . This implies that D ♣ has a full set of solutions if and only if the connection ∇ ∨ F , as well as ∇ F , has vanishing p-curvature. Consequently, the bijection Op (SLn,L),X ∼ → PC n X,L restricts to a bijection Op Zzz...
(SLn,L),X ∼ → PC n,full X,L , as desired.
Thus, we have obtained various maps of sets, as displayed below:
where all the vertical arrows are natural inclusions. Moreover, there is a map for the set of projective connections (resp., having a full set of solutions) to the set of n-th order projective connections (resp., having a full set of solutions) ξ 2→n : PC 2 X,L → PC n X,L resp., ξ 2→n : PC 2,full X,L → PC n,full
constructed in such a way that the square diagram
resp.,
is commutative.
Case of the projective line.
In this subsection, we shall consider the case where X = P 1 (= Proj(k[x, y])) equipped with the theta characteristic L 0 (cf. (24)). We will observe that, in this case, there is a typical example of a Frobenius-projective structure (resp., a dormant indigenous bundle; resp., a dormant (SL n , L 0 )-oper; resp., a projective connection for L 0 having a full set of solutions) on P 1 , which will be denoted by S ♥ 0 (resp., E ♠ 0 ; resp., F ♦ 0 ; resp., D ♣ 0 ). First, we define
to be the subsheaf of Pé t (for X = P 1 ) which, to any open subscheme U of P 1 , assigns the set
where op U denotes the natural open immersion U ֒→ P 1 . Then, S ♥ 0 forms a trivial (PGL 2 ) F P 1torsor, and hence, specifies a Frobenius-projective structure on P 1 .
Next, we shall write E 0 := P 1 ×P 1 , which defines the trivial P 1 -bundle on P 1 by regarding the first projection pr 1 : E 0 → P 1 as its structure morphism. Write ∇ 0 for the trivial connection on this trivial P 1 -bundle; it is clear that ∇ 0 has vanishing p-curvature. The Kodaira-Spencer map (with respect to ∇ 0 ) of the diagonal embedding σ 0 : P 1 → P 1 × P 1 (= E 0 ) is nowhere vanishing. Thus, the triple
forms a dormant indigenous bundle on P 1 .
Moreover, recall the injection η 0 : O P 1 (−1) ֒→ O ⊕2 P 1 introduced in Example 1.2, (18) (of the case n = 1), which we shall identify with the resulting isomorphism from O P 1 (−1) onto its image. Then, the collection
Finally, let us consider the second order differential operator D ♣ 0,u :
on the open subscheme U := Spec(k[u]) (resp., T := Spec(k[t])) of P 1 , where u := x/y (resp., t := y/x), given by f (u) · y → ∂ 2 f ∂u 2 (u) · y −3 (resp., g(t) · x → ∂ 2 g ∂t 2 (t) · x −3 ). Then, D ♣ 0,u and D ♣ 0,t may be glued together to obtain a globally defined differential operator
forming a projective connection for L 0 . Proposition 3.7. All the sets PS F P 1 , IB P 1 , IB Zzz...
(SL 2 ,L 0 ),P 1 , PC 2 P 1 ,L 0 , and PC 2,full P 1 ,L 0 are singletons respectively. That is to say,
Proof. By the various bijections in (66), it suffices to prove that PC 2 P 1 ,L 0 contains at most one element. As discussed in the proof of Proposition 3.6, each element of PC 2 P 1 ,L 0 corresponds to a splitting of the short exact sequence
Here, observe that (D ≤2
which implies that there is no splitting of (75) but the splitting corresponding to D ♣ 0 . This completes the proof of the assertion. 
The main theorem
The fourth section is devoted to state and prove the main theorem of the present paper.
Statement of the main theorem.
Let us fix a smooth curve X, a theta characteristic L := (L, ψ L ) on X. The morphism
over X between algebraic surfaces defined by ψ A L (v) = ψ L (v⊗v) (for each local section v ∈ L) is a Galois double covering whose Galois group is isomorphic to µ 2 = {±1}. The automorphism of A(L) × determined by (−1) ∈ µ 2 is given by v → −v. Let us writě
(cf. (7)), which specifies a symplectic structure on A(L) × . In particular, the pair (A(L) × ,ω L ). (79) forms a symplectic variety equipped with a µ 2 -action. Then, the main result of the present paper is as follows. 
is injective and the composite injection
of this map and the natural bijection Q µ 2 -FC
, the inverse of (31)) does not depend on the choice of the theta characteristic L.
In the rest of this section, we shall will prove the above theorem.
4.2.
Step I: Local construction.
Let S ♥ be a Frobenius-projective structure on X, and denote by E ♠ := (E, ∇ E , σ E ) and 
→ O ⊕2
Uα inducing, via taking determinants, the isomorphism δ F ♦ | Uα (cf. (51)). Each isomorphism γ α induces an isomorphism
over U α , where A 2× := Spec(k[x, y]) and the isomorphism in the parenthesis is given by x → (1, 0), y → (0, 1). Moreover, denote by Φ α the composite
which is compatible with the respective µ 2 -actions on A(L| Uα ) × and A 2× . The morphism A(Ω Uα ) × ∼ → A 2× /µ 2 induced via quotient does not depend on the choice of L. Proof. To begin with, we shall consider the case where X = U α = P 1 (= Proj(k[x, y])), L = L 0 , F ♦ = F ♦ 0 , and γ α is the identity of O ⊕2 P 1 . Write Φ 0 for the morphism "Φ α " in this case. On the open subscheme U := Spec(k[u]) of P 1 , where u = x/y, we have A(O P 1 (−1)) × | U = Spec(k[u, y, y −1 ]), A 2× | U = Spec(k[x, y, y −1 ]) and Φ 0 | U may be given by x → u · y and y → y. Hence,
On the other hand, it follows from the definition of ψ 0 that ψ A 0 :
By (85) and (86), we obtain the desired equality Φ * 0 (ω Weyl ) =ω L 0 (87) of this case. (This result will be used in (97).)
Now, let us go back to our situation. Denote by
which is verified to beétale since the Kodaira-Spencer map associated to σ E is an isomorphism. Under the natural identifications
Since (57) is cartesian, the above diagram induces an isomorphism (of G m -torsors)
over U α such that the following diagram is commutative:
Moreover, the morphism (91) induces an O Uα -linear isomorphism
fitting into the following isomorphism of short exact sequences:
where the upper right-hand horizontal arrow F | Uα → L ∨ | Uα arises from δ F ♦ : det(F ) ∼ → O X (cf. (51)). Since γ α is, moreover, compatible with the connections ∇ F and d ⊕2 , the respective Kodaira-Spencer maps give rise to a commutative square diagram of O Uα -modules
as well as a commutative diagram of U α -schemes
Hence, the following sequence of equalities holds:
This completes the proof of the latter assertion.
The former assertion, i.e., theétaleness of Φ α follows from theétaleness of φ α and the fact that the square diagram
is cartesian, where the vertical arrows are the natural projections. This completes the proof of the lemma.
By the above lemma and the discussion in § 2.2 applied to Φ α , the pull-back of the µ 2 -FC quantization W 2 k (cf. (38)) on (A 2× , ω Weyl ) specifies a µ 2 -FC quantization Φ * α (W 2 k ) (99) on the symplectic variety (A(L| Uα ) × ,ω L | Uα ). The (isomorphism class of the) FC quantization on (A(Ω Uα ),ω can ) corresponding to Φ * α (W 2 k ) via (31) does not depend on the choice of L.
4.3.
Step II: Global construction.
In this second step, we glue together the locally defined quantizations constructed above to obtain an FC quantization on the entire space X, as follows. After possibly replacing {U α } α with its refinement, we can assume that each U α is affine. Let us take a pair (α, β) ∈ I × I with U αβ := U α ∩ U β = ∅. Since (X is separated, which implies that) U αβ is affine, we can write U αβ = Spec(R αβ ) for some k-algebra R αβ . In what follows, we shall use the notation (−) (1) to denote the base-change of objects via F k . In particular, we obtain the kalgebra R (1) αβ equipped with a k-algebra (injective) homomorphism R
Hence, R αβ [x, y]/I α ∼ = R L,αβ and we have a natural isomorphism of R (1) αβ [x p , y p ]/I
). This automorphism restricts to an automorphism of R αβ [x p , y p ], and hence, we have the following diagram
The bottom triangle in (102) turns out to be commutative since the other various small diagrams are commutative. This implies that γ αβ (I αβ -algebras W 2 R αβ given by γ αβ via (37) induces an isomorphism
αβ [x p , y p ]/I (1) α ) (103) By passing to (101), we obtain an isomorphism
of sheaves of k[[ℏ]]-algebras on A(L| U αβ ) × . This isomorphism is verified to be compatible with the µ 2 -actions, and the induced isomorphism between the respective quotient FC quantizations does not depend on the choice of L.
By means of the isomorphisms Φ αβ (for various α, β), the sheaves Φ * α (W 2 k ) may be glued together to obtain a sheaf
which forms a µ 2 -FC quantization on (A(L) × ,ω L ). The isomorphism class of this quantization does not depend on the choice of {(U α , γ α )} α∈I , and moreover, the isomorphism class of its quotient by the µ 2 -action does not depend on the choice of L. Thus, we have obtained a well-defined map
such that the composite
of this map and the bijection Q 
4.4.
Step III: Injectivity. The remaining portion of the proof is the injectivity of ⋆ X,L . Here, let (S, ω S ) be a symplectic variety and O ℏ S an FC quantization on (S, ω S ). Given two local sections a, b ∈ O S , we express a * b as
gives an O S -linear morphism
where we equip End k (O S ) with a structure of O S -module given by multiplication on the left. 
This completes the proof of the lemma.
We shall finish the proof of the main theorem. Since π * (O A(L) × ) is naturally identified with j∈Z L ⊗j , we have the inclusion
into the (−i + 1)-st factor. Next, if π denotes the natural projection A(L) × → X, then the kernel of the surjection T A(L) × ։ π * (T X ) obtained by differentiating π is isomorphic to π * (L). The resulting injection π * (L) ֒→ T A(L) × induces an injection
The projection formula gives the composite isomorphism
Hence, we have an injection
where the first arrow is the inclusion into the first factor. 
In particular, (by considering the case of i = 2), the map ⋆ X is injective.
Proof. First, we shall consider the former assertion. Just as in the proof of Lemma 4.3, it suffices to consider the case where the triple (X, L, S ♥ ) is taken to be (P 1 , L 0 , S ♥ 0 ). Let us identify A(O P 1 (−1)) × with A 2× via Φ 0 (cf. the proof in Lemma 4.2 for the definition of Φ 0 ). Over the open subsheme U := Spec(k[u]) (where u := x/y) of P 1 , the composite Σ • δ i sends each element f (u) · y i−1 ∈ Γ(U, O P 1 (i − 1)) to
On the other hand, since the injection O P 1 (−i − 1) → π * (T ⊗i A(O P 1 (−1)) × ) of (113) is given by 1 y i+1 → 1 y · ∂ ∂y ⊗i , the image of 1 i! · ξ 2→u (D ♣ 0 )(f (u) · y i−1 ) via this injection coincides with 1 y·i! · ∂ i f ∂u i (u)· ∂ ∂y ⊗i (cf. Remark 3.8), which is identical to (115). This implies the commutativity of (114), as desired. The latter assertion follows from the former assertion.
According to the above results, we complete the proof of the main theorem.
A higher-dimensional variant of the main theorem
In this final section, we shall prove (cf. Theorem 5.3 described later) a higher dimensional variant of our main theorem, which may be thought of as a positive characteristic analogue of [6] , Proposition 4.3.
Frobenius-Sp structures.
Let n be an integer with n > 1 and S a smooth variety of dimension 2n − 1. In what follows, we shall observe that each Frobenius-Sp structure gives rise to a theta characteristic and an FC quantization on a certain symplectic variety.
First, let us consider a procedure for constructing a theta characteristic by means of a Frobenius-Sp structure. Let S ♥♦ := (S ♥ , S ♦ , κ) be a Frobenius-Sp structure on S. The (SL 2n ) F S -torsor corresponding to S ♦ via change of structure group by the natural inclusion Sp 2n ֒→ SL 2n determines a vector bundle on S (1) with trivial determinant. If F S denotes its pull-back via F S/k , then F S admits a canonical connection ∇ S with vanishing p-curvature (cf. [11] , § 5, Theorem 5.1). In particular, we have (det(F S ), ∇ det(F S ) ) ∼ = (O S , d). Denote by E S the P 2n−1 -bundle on S defined to be the pull-back via F S/k of the P 2n−1 -bundle on S (1) corresponding to S ♥ . The local sections U → U × P n (for various open subschemes U of S) classified by sections in S ♥ may be glued together to obtain a well-defined global section σ S : S → E S . Then, there exists a unique line subbundle L S of F S such that the square diagram Let us mention the case where n = 1, i.e., S is a smooth curve. As discussed above, each Frobenius-Sp structure yields a theta characteristic. Conversely, suppose that we are given a theta characteristic L and a projective structure S ♥ on S. Denote by F ♦ := (F , ∇ F , N F , η F ) the (SL 2 , L)-oper corresponding to S ♥ . Since it has vanishing p-curvature, there exists a unique (SL 2 ) F S -torsor S ♦ such that the induced SL 2 -torsor on S equipped with a canonical connection is isomorphic to (F , ∇ F ). Then, (since SL 2 = Sp 2 ) the triple consisting of S ♥ , S ♦ , and the natural isomorphism κ : S ♦ × SL 2 PGL 2 ∼ → S ♥ , specifies a Frobenius-Sp structure on S. According to this construction, giving a Frobenius-Sp structure on a smooth curve S is on (A(L S ) × , ω S ). Consequently, we have obtained the following assertion. (In the case n = 1, one verifies that the symplectic structure ω S coincides withω L and the asserted construction of FC quantizations is consistent with ⋆ X,L mentioned in our main theorem.) Theorem 5.3. Let S be a smooth variety of dimension 2n (where n is a positive integer). Then, by means of a Frobenius-Sp structure S ♥♦ on S, we can construct canonically a theta characteristic L := (L S , ψ S ) on S, a symplectic structure ω S on A(L S ) × , and an FC quantization W S on the resulting symplectic variety (A(L S ) × , ω S ).
